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1. INTRODUCTION 
Automorphic forms play a major role in number theory, and they are also linked to many other 
areas of mathematics. The purpose of this paper is to discuss connections between mixed auto- 
morphic forms and a certain class of linear differential equations. 
Let F C SL(2, R) be a Fuchsias group of the first kind acting on the Poincar~ upper half- 
plane 7-( by linear fractional transformations. Given a nonnegative integer k, a holomorphic 
function f : 7-I --~ C is called an automorphic form for F of weight k, if it is holomorphic at the 
of F and satisfies the relation f('~z) = (cz + d)kf(z), for all z E 7-/and ~ -- ( :  b) E F cusps (see, 
e.g., [1] for details). Given such an automorphic form f and elements z0 E 7-/ and ~ E F, the 
integrals of the form 
~ zo f(z)  z~dz, ~ = 0 ,1 , . . . , k -  2 (1) 
0 
are called the periods of f .  In [2], Stiller studied differential equations associated to automorphic 
forms and, among other things, expressed the periods of an automorphic form in terms of the 
monodromy of the associated ifferential equation. 
Mixed automorphic forms generalize automorphic forms, and they occur as holomorphic forms 
on certain families of Abelian varieties (cf. [3,4]). Various aspects of mixed automorphic forms 
have been studied in recent years (see, e.g., [5-7]). In this paper, we construct mixed automorphic 
forms associated to a certain class of linear ordinary differential equations and establish a relation 
between the monodromy of such a differential equation and the periods of the corresponding mixed 
automorphic form. 
2. MONODROMY REPRESENTATIONS 
Let X be a Riemann surface regarded as a smooth complex algebraic urve over C, and consider 
a linear ordinary differential operator 
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A n d n P. d n - 1 
= dx n + n-1 (X) ~ +.." + P1 (X) + Po(z) 
of order n on X, where x is a nonconstant element of the function field K(X)  of X and Pi E K(X)  
for 0 < i < n - 1. We assume that A n has only regular singular points. Let U C X be a Zariski 
open set on which the functions P~ are all regular, and choose a base point x0 E U. Let Wl, . . . ,  Wn 
be holomorphic functions which form a basis of the space of solutions of the equation Anf  = 0 
near x0. Given a closed path ~/that determines an element of the fundamental group 7rl(U, x0), 
there is a matrix M(3') E GLn(C) such that the analytic continuation of the solution wi becomes 
Ej=ln Tl~i j~dj for each i E {1,.. ., n}. Thus, we obtain a representation M : 7rx(U, x0) --~ GLn(C) 
of the fundamental group of U called the monodromy representation. 
Let Vzo be the space of local solutions of the equation Anf = 0 near x0 E U, and consider an 
element ¢ of K(X).  By shrinking the Zariski open set U if necessary, we may assume that ¢ is 
regular on U. Then the monodromy representation M determines an action of the fundamental 
group ~rl(U, xo) on Vxo. We shall determine an element of the cohomology Hl(Tro(U, xo), Vxo) 
of 7rl(U, Xo) with coefficients in Vxo associated to ¢ E K(X).  Let f¢  be a solution of the 
nonhomogeneous equation Anf  = ¢, and suppose that the solution of Anf  = ¢ obtained by the 
analytic continuation of f¢  around a closed path 7 E 7rl(U, x0) is given by 
f *  + a~,l~.~l .31_ _~ aC, nWn f¢  t * • .- = + a~w, 
where ¢ a¢7, n E C, ta~ = (a¢~ 1, at%n), and tw = (Wl, ,~n). If T E 7rl(U, z0) is a%l , . . . ,  , . . . ,  . . .  
another closed path, then the analytic continuation of fV + ta~ w around r becomes 
f~ + ta~w + taCM(T). 
On the other hand, since the analytic continuation of f¢  around 7T is f¢  + ta~rw, it follows that 
t¢  t¢  a..rr = a. r + farM(r). 
Thus the map 7 ~ t a~ is a cocycle, and this cocycle is independent ofthe choice of the solution f~ 
up to coboundary (el. [2]). Note that each ta~ determines an element ta~w of Vxo. Consequently, 
ta~ can be regarded as an element of Vxo, and hence it defines an element of the cohomology 
gl(Trl(V, xo), Vxo). 
3. D IFFERENTIAL  EQUATIONS AND 
MIXED AUTOMORPHIC  FORMS 
Let F C SL(2, ]t) be a Fuchsian group of the first kind that does not contain elements of finite 
order. Then the quotient X = F\7~* is a compact Riemann surface, where 7~* is the union 
of 7-I and the cusps of F, and can be regarded as a smooth algebraic urve over C. Let x be a 
nonconstant element of the function field K(X)  of X when X is regarded as an algebraic urve 
over C. We consider a second-order linear differential equation A~f  -- 0 with 
d 2 d 
A2x = + Px(x) + Qx(x), (2) 
where Px  (x) and Qx (x) are elements of K(X).  We assume that the differential equation A~ f --- 0 
has only regular singular points and that the set of singular points coincides with the set of cusps 
of F. Thus, if X0 is the set of regular points of A2f  = 0 and if x0 E X0, then X0 can be regarded 
as the quotient space F\7-/and the fundamental group 7rl(X0, x0) of X0 can be identified with F. 
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Let X : F --* GL(2, C) be the monodromy representation f for the differential equation A2f  = 0, 
and assume that X(F) C SL(2,R). 
Let ca1 and ca2 be linearly independent solutions of A~¢f = 0, and for each positive integer 
m let Sm(A 2) be the linear ordinary differential operator of order m + 1, such that the m + 1 
functions 
ca;a carn- lca . .  m-1 rn 
1 2, •, calca2 ,ca2 
are linearly independent solutions of the corresponding homogeneous equation Sm(A 2) f  = O. 
By pulling back the operator (2) via the natural projection ?/* --* X = F\T/*, we obtain a 
differential operator 
A2 d 2 d = ~ + P(z) + Q(z), (3) 
such that P(z) and Q(z) are meromorphic functions on 7"/*. Let cal(z) and ca2(z) for z E 7-I be 
the two linearly independent solutions of A2f = 0 corresponding to cal and w2 above. Then the 
image of an element 7 E F under the monodromy representation X is given by 
if 
X(7)= ( ax bx ) 
Cx dx 6 SL(2, R), (4) 
cal(TZ) = axcal(Z) + bxca2(z), ca2(Tz) = cxcal(z) + dxca2(z), (5) 
for all z E T/. We set ca(z) = cal(Z)/ca2(z), and assume that ca(z) E 7 / for  all z E 7-/. Then from 
the relations (5), it follows that 
ca( z) = 
for all z E 7-/ and 7 6 P. 
axca(z) + bx = X(V)ca(z), 
Cxca(z) + dx 
DEFINITION 3.1. Let F, ca : T/ --* 7~ and X : F --* SL(2,1R) be as above, and let /z and v be 
nonnegative integers with # even. Then a holomorphic function f : 7-/ --* C is called a mixed 
automovphic form of type (#, v) associated to F, ca, and X if 
f(Tz) = (cz + d)~(CxW(Z ) + d×)~ f(z), 
for all z E 7-/, 7 : ( :b )  E F, and X(7) as in (4). 
DEFINITION 3.2. Let f : 7-/--* C be a mixed automorphic form of type (#, v) associated to P, ca, 
and X with # > 2. Then, for z0 E ~/and 7 6 F, the integrals of the form 
~z "z° f(z)ca'(z)l-u/2ca(z) ~ dz, i = O, 1 .. . .  , # + v - 2 
o 
are called the periods of f .  
REMARK 3.3. If # = 2, then the corresponding periods are of the form 
~ zo f(z)ca(z) i dz, 
0 
for 0 < i < v which were discussed in [5,8]. On the other hand, if ca(z) = z for all z:H, then the 
corresponding periods reduce to the usual periods of automorphic forms in (1) above. 
If Sm(A 2) is the differential operator acting on the functions on 7-/obtained by pulling back 
Sm(A 2)  via the projection 7-/* --* X, then the solutions of the equation Sm(A2)f = 0 are of the 
form 
m 
c, cal (z)m- ca2(z) ',
i=0 
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for some constants co, . . . ,  am. Let ¢ be a meromorphic function on 7-l* corresponding to an 
element Cx in K(X),  and let f¢  be a solution of the nonhomogeneous equation 
s ~ (h ~) f = ¢. 
Given a nonnegative integer k, we set 
eke(z) = ~'(Z)~d~(z)~+, 
for all z E ~/. 
THEOREM 3.4. 
(i) The function ¢¢k (Z) is a mixed automorphic form of type (2k, m - 2k + 2) associated to F, 
w, and the monodromy representation X.
(ii) If zo is a fixed point in 7-l, then a solution f¢ of the equation Sm(A2)f = ¢ is of the form 
~2(z)rn iz z rn-l-1 fO(z) - m! ~¢k(z)j(z)-k(w(z) i ~d(~)) m d~([;) n t- ~ Ci~dl(Z)md-l-i~d2(Z) i - l ,  (6 )  
o i - -1 
for some co lorants  e l , . . .  , am+ 1 . 
PROOF. It is known that the function 
d m-I-1 ( flP(z)l~ 
is a mixed automorphic form of type ( 0, m + 2) associated to F, w, and X (cf. [2, p. 32]). On the 
other hand, for'y -- (~°~)E r and X('Y)as in (4)we have 
= ~z \cz+d)  (cz+d) 2' dw(z------) = 
Thus we obtain 
\ dw(z)_ \ dz ) \ dz ) 
= (cz + d)~k(cxz + dx)m-2k+2oCk(z), 
and therefore, (i) follows. As for (ii), we have 
~z z ~z zdm+l  
CkC(z)~'(z)-k(~(~) - ~(t)) ~ d~(t) = d~+~ 
o o 
d(x(~)w(z)) 1 
dw(z) (c×z + d×) 2" 
dm+l 
d~(z)m+~ t,~-'~'~ -~) (z) 
~ )  (~(z) - ~(t)) ~ d~(t) 
\ ~ 1  + ~ c;~(z) ~+1-', 
i=1  
for some constants c'1,..., cm+ 1 '  by applying the integration by parts m times. Now using ci = 
-c~/(m[) and w = wl/w2, we obtain the desired formula (6). I 
4. COCYCLES ASSOCIATED TO D IFFERENTIAL  EQUATIONS 
Let A 2 be the second-order differential operator in (3) with monodromy representation X : 
F --* SL(2,R) described in Section 3. Then the monodromy representation f Sm(A 2) is given 
by SmX = Sym m o X, where Sym m : SL(2,R) --* SL(m + 1,R) is the mth symmetric power 
representation. 
Let Vxo be the space of local solutions of the equation Sm(A2)f = 0 near xo E X0, and for 
¢ E K(X)  let talc be the cocycle in Hl(r, Vxo) associated to a solution f¢  of Sm(A2)f = ¢ 
described in Section 2. Then we can express the cocycle ta~ ¢ in terms of the periods of the mixed 
automorphic form Ck ¢ and the monodromy representation smx of Sm(A2)f = 0 as follows. 
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THEOREM 4.1. Let ¢~ be the m/xed automorphic form of type (2k, m - 2k + 2) associated to F, 
~, and X determined by a solution o f f  ¢ ofS'n(A2)f = ~b, and let zo be a fixed point in 7-l. Then 
we have 
",--"r,m+l). ~m)~(,.),)] 
for each 7 E F, where 
=¢ = ( - l )~- l (m!)  -1 <b[(z)J(z)l-km(z) ~-I dz 
for 1 < v < m + 1; here the square brackets denote the cohomology class in HI(F, Vxo). 
PROOF. Using [2, Proposition 3 bis. 10] and the proof of [2, Theorem 3 bis. 17], we obtain 
ta~ [ ,h -@ k 
for some constants c i , . . .  ,Cm+I, where Im+l is the (m + 1) x (m + 1) identity matrix and 
(-l)V-l(m!) -1 
for 1 < v < m + 1. However, we have 
d m+x ( f~P(z )~ dw(z)=~P@k(z)w'(z)-kdoa(z)= ~(z ) J ( z ) l - kdz .  
d (z)m+l ) 
Now the theorem follows from the fact that 
(e l , . . . ,  C-re+l)" (S~'I'X(~) - -/re+l) 
is a coboundary in Hi(F,  Vxo). | 
REMARK 4.2. Similar results for mixed automorphic forms of type (0, m) and (2, m) were dis- 
cussed in [2,8], respectively. 
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